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Mathematicsfor Queensland, Year 12
Worked Solutionsto Exercise 4l

Hints

1

10.

The first die can be any number. What is the chance that the 2™ die matches the first? The 3™
die? What is the chance that the 2" AND the 3 AND the 4" AND the 5" match the first die?

a.  What is the expected vaue of the game?
b. If they had continued until there was a winner, what is the probability that Kate would win?

Erratal The equation of a sphere of radiusr isgivenby x* +y* +2° =r?.
Randomly choose the 3 coordinates of a point inside the rectangle. Isthe point aso inside the
hemisphere?

a  FErratal Thefirst die should be labeled A.
Compare, for example, die B and die C. What numbers on die B will win?
What is an efficient way of showing the outcome when 2 dice are thrown?

b. Look at the outcomes when one die is thrown with another. For most pairs of dice, it is
possible to figure out which die, if any, has an advantage.

Which of these questions uses the Multiplication Principle? Which uses the Addition Principle?
For the Addition Principle, are the two events mutually exclusive?

Which of these questions uses the Multiplication Principle? Which uses the Addition Principle?
For the Addition Principle, are the two events mutually exclusive?

If a green face is uppermost, what are the possible outcomes? How many of these have agreen
face on the other side of the card?

Thisisagold standard question — at the VHA+ level.

What is the minimum number of serves Patrick needs now to win the game? If p = probability
he wins the next point, what is the probability that he wins the match in the minimum number of
serves (answer in terms of p).

How else may Patrick win the match? What is the probability that he wins that way?
All you need to answer is“Might this be aredlistic claim?’ Do you need to consider al
possible cases to answer this question?

Sometrial and error might be a good way to start. Why are some arrangements better than
others?

It is easier to consider the question “What is the probability that no students share the same
birthday?.
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Worked Solutionsto Exercise 4l

1. Thefirst die can be any number, so the probability of success on thefirst dieis1. Each of the
remaining 4 dice has to match that number, with a probability of X

2. a  TheexpectedvdueE= ($1x 1) + (-$1 x1) =0. Therefore the gameisfair.
b. The fairest way to divide the kitty isto base it on the probability that each would win if
they had finished the game.
If they had continued after the first round, Kate needed to win the next two rounds to win
the game.
\ Pr(Kate wins the next two rounds) = ¥X %2 = Y4
Pr(Jenna wins the next two rounds) = 1- Y4= %

\ The fairest way to divide the kitty is

Kate:  $0.50

Jennas $1.50

3.  Erratal Theequation of a sphere of radiusr isgivenby x> +y* +7° =r?.
To edtimate the volume of the hemisphere, we will randomly choose a point inside the rectangle
asfollows:
Randomly choose an x-value from -1 to 1.
Randomly choose ay-vaue from -1 to 1.
Randomly choose az-value from O to 1.

If x*+y* +2Z° £1 then the point aso liesinside or on the hemisphere; otherwise it lies outside
the hemisphere.

Using a graphics calculator to carry out a simulation, one of the authors found that 102 of 200
randomly chosen points lay inside of the hemisphere.

Now the volume of a2 x 2 x 1 rectangleis 4 units’. So the estimated volume of the hemisphere

is
102 4 =204 units.
200
The actua volumeis given by
4
V==pr® 2
Sp R
4
=—p@, 2
3P @),
=2.094 units®
In this experiment, the Monte Carlo method had a percentage error of
2.094- 2.04,

2004 100% = 2.58% . Asthe Monte Carlo method is arandom process, you probably

will get a somewhat different result.
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a Erratal Thefirst die should be labeled A.

If your opponent chooses die B, you should choose die A. Hereisagrid showing the
outcomes. A meansdie A wins and B means die B wins.

die A

DieB

W WwW > > >N
W WW > > >N
W WW > > >N
W WW > > >N
> > > > > > o
> > > > > > o
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Die A beatsdieB £ of thetime.

Also, die C beats die B only wins %z of the time (when die B shows a 1) and die D will
lose to die B more than haf the time (die B wins every time with a5 and occasionaly
with al).

b. With some anaysis, the answer can be determined without drawing a grid.

Opponent You
chooses | choose | P(you win) | Justification

A C 5 C will beat A every time A throwsa 2.

B A 5 See above.

C D 2 D will beat C every time D throws a 4.

D B 5 On % of the throws, B will win with a5. And
B also winswith alif D throwsaO. This
happens +” 1 =1 of thetime. And 3+2$=2%.

a i. Waterflowsat Oif both A and B leak. We apply the multiplication principle.

Pr(water flowsat O) = Pr(water flows at A) X Pr(water flows a B)
= 0.05 x 0.08 = 0.004.

ii. Water flowsif either A or B or both leak. We apply the addition principle.
Pr(water flowing at O) = Pr(flow a A) + Pr(flow at B) — Pr(flow at both)
=0.05 + 0.08 — 0.004
=0.126

b. Pr(flow a O) = Pr(flow at C) x Pr(flow at A or B or both)
0.02 = Pr(flow at C) x 0.126

\ Pr(flowa €)= 202 — 0150
0.126

a The chain of components works if thel® component works and the 2™ component works
and the 3" component works and the 4™ component works and the 5™ component works.
Pr(chain of components works) = 0.9 x 0.9 x 0.9 x 0.9 x 0.9 = 0.9° = 0.59049.

b. Thisis an application of the Addition Principle.
Pr(chain of componentsworks) = Pr(top chain works) + Pr(bottom chain works) —
Pr(both work) = 0.59049 + 0.59049 = (0.59049 x 0.59049)
=0.8323

C. Pr(a given pair works) = Pr(top works) + P(bottom works) — Pr(both work)
=09+09-0.92=0.99
Pr(chain of components works) = 0.99 x 0.99 x 0.99 x 0.99 x 0.99 = 0.99° = 0.95.
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Thisis sort of atrick question. One may think that the answer is %%, reasoning as follows: If the
visible face is green then the card is either green-green or green-white. Therefore the other face
has a 50:50 chance of being green.

But thisis not correct! Label the sides of the cards W1:W2, G1.G2, W3:G3. Assuming that
you see a green face on the card, then the reduced sample space is G1, G2 or G3. In two out of
three cases, the other face is Green. The probability that the other faceis Greenis % .

Note: Thisisagold standard question! In order to attempt this question, we need to assume
that winning the points are independent events, so the probability that Patrick wins the next
point isthe same. Call thisvauep.

In order for Patrick to win, one of the following must occur:

Outcome Probability
He wins 4 straight points, which we P(x)=p p p p=p*
write as WWWW

Hewins 2 straight points (to get to P(x,)=p p [2p L-pP)] p p
deuce) and then wins 1 of the next 2 —205(1.-
points (to get back to deuce) and then =2p"(1- p)
wins the next two points (to win the
match). Note there are two ways to
get back to deuce— WL and LW.

He wins 2 straight points (to get to Px,)=p p[2p @-pPl'[2p @-p] p p
deuce) and then wins 1 of the next 2 —4p°(1- D)
points (to get back to deuce), then =4p°d- p)
again wins 1 of 2 points and finally
wins the next two points (to win the
match).

And so on.

One small problem is there are an infinite number of ways that Patrick can win (he can win after
4 points are played, or 6 points, or 8 points, or ).. We will simplify the problem by only
considering those cases listed above.

Since the events above are mutually exclusive, P(Patrick wins) = P(x;) + P(Xz) + P(X3)
Since Fred Stolle said Patrick has a 50% chance of winning, we can write,
P(x1) + P(x2) + P(x3) = 0.5
Thisis best solved by graphics calculator. Let
Y1=x"+2x>(1- X)+4x°(1- x)* .

Y2=0.5
and find the point where they intersect. Intersection

n=.re0lEEYY L=t

If Patrick can win about 76% of the points, he will have a
50% chance of winning the game. Thisisarealistic claim.

Note to Maths C students: In your course you will learn about atopic called the “sum of an
infinite geometric series! You can use what you learn in this topic to show that the exact
answer isp = 0.7467.
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Some thought, and maybe some trial and error, is needed to arrive at the following maximal
arrangement:

InBox A, put 1 vial of water

In Box B, put 1 via of water

In Box C, put the remaining 4 vials of water and 6 vials of poison.

If the evil king choose Box A or Box B, the victim will survive. If the evil king chooses Box C,
there is still a 0.4 chance of surviving.

Pr(victim is poisoned) = Pr(Box C is chosen) x Pr(poison vial ischosen) = 1" 2=1.

3 10
Therefore, Pr(victim survives) = 1- £ =4.

To minimise the chance of survival, just swap the poison vials and the water vials. Now
Pr(victim survives) = 1.

Thisisaclassic probability question with a surprising answer. It is best tackled by asking (and
answering) the complement of the given question, i.e. “What is the probability that no students
share the same birthday?’

Assume there are 365 daysin ayear (i.e. ignore leap year) and by share a birthday we mean
they are born on the same date but not necessarily the same year.

If no students share a birthday, then (2™ student doesn’t share a birthday with the first) AND
(the 3 student doesn’t share a birthday with the 1% or 2™) AND (the 4™ student doesn’t share a
birthday with the 1%, 2" or 3), etc. Thisisan application of the multiplication principle, as
follows:

Pr(no students share a birthday) = Pr(2™ student doesn't share) x Pr(3™ student doesn’t share) x
Pr(4" student doesn’t share) x Pr(24™ student doesn’t share)

Pr(no students share a birthday) = 364, 363, 362, 361, %iO.S

365 365 365 365 365
Therefore, Pr(at least 2 students share a birthday) = 1 — Pr(no students share a birthday)
=1-05=05

Most people find this probability surprisingly high. It might be even more surprising to learn
that in agroup of 30 people, thereis a 71% chance that two or more people share a birthday.
And in agroup of 60 people, the probability is greater than 99%!



