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Mathematicsfor Queensland, Year 12
Worked Solutionsto Exercise 8K

1. Darren’scoffeeis hotter at first (the milk has cooled hiswife’'s cup of coffee), but cools
more quickly (since his coffeeisin an cup and hiswife'sisin athermos. After 15
minutes, both coffees are at the same temperature. The graph will look similar to this.

A

black coffee

temperature

white coffee

time 15 min

2. (a) Differentiating R to find its rate of change

% = Rke" and thisequals kRe“ thus % =kR

So the rate of change of R isproportional to R.

(b) Substituting in the formulafor R wehave Ry = 21andthat R=28 at t = 34,
thus solving for k we have

28 =21e** thus 28_ g3
21

o € =4/3 thus 34k =In(4/3),

and finally k = 3—14In(4/3) = 00846

(c) Weneed §>1. Since % =kR thiswill happen when kR > 1, that iswhen
.00846R > 1.  Dividing each side by .00846,

>_ 1 ie when R>11818
00846

So when R isgreat than 118.18 mm? the rust grows at more than 1 mm?® per
day.
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Since the area under the graph of the function equal s the definite integral of the function
over the domain of values of the function we haveto find A so that the integral of the
function, from 0 to 10 equals 1. Intermsof calculuswe require the value of A so

10
that § Ae Ohdx =1.
Doing the integration

10 10

0.1x 1 oxU _ € 1 o0 _ (0.1)(10) N 1
Q Ae dx—8 o1 —€ l‘i) _Aé-o.le l‘i) ( Ol)ge - 1§=10A(1- €7)
1
Soweneed 10A(1- €) =1 thus A=——— = .1582
A )=1 10(1- )

By differentiating the velocity with respect to time we get the acceleration. If we do
this we will have an expression relating V and t and another relating A, the
accelerationand t. By eliminating t between the two expressions we will get a
relation between Aand V and we can find one of these variablesin termsfor the other.

Carrying out these steps, (?j_\t/ =80(- (- 0.4 **")) =32e %" = A,

From thiswe have e °* = 3—'62‘ so substituting for €% in the expression for V we

finally haveV =80(1- 3_A2) . Thistidies upto give V :2(32- A

The rate of change of information will be % . Note that the expression for | can be

written as | = 3.2In(a + 3t), which is better for calculus purposes.

Differentiating 1, %:3(3.2) 1 ___ 96 , we used the composite function rule

(a+3) (a+3)
on the function. This accounts for theterm 3 in the middle expression above.

Now as t increases the bracket (a + 3t) increases and so the expression ( ;Bt)
a

decreases.
So we now realize that % decreasesas t increases. Itisaways positive.

Thus we concludethat | alwaysincreaseswith t , but that it’ s rate of growth slows
with time getting ever closer to zero. Thusthe statement in line 5 of the question istrue.
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Using the index laws,

.= —(e- e)=5e"-¢e* as

differentiating the last expression we get guo ;
a

required.
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We use el t inbillions of years, thenwhen =1.3, P Po

So 0.5Pg = Poe*™? | and after canceling Po, € =05
or we can write & ¥ = (0.5)¥?,  Because (e*') = (e*)', thismeans
P = Py((0.5)“*9)'

Thus when theratio is20% we have 0.2Ps=Py((0.5)Y*%)". Cancelling Po, we get

t

0.2=(0.5)'® and we solve thisfor t by taking logarithms of each side to get

t

In(0.2) =In((0.5)"*¥). Simplifying we get In(0.2) = 1 3In(O.5).
Thisgivest = (13)In(0.2) =3.02 .
In(0.5)

So the age of the material is about 3.02 billion years.
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