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Exercise 91 —Worked Solutionsto the Exercise

1. For this problem we can get an idea of the answer by plotting the function. fHEL ML LR0-H)

We know that the function sin and cos repeat themselvesin an interval of
length 2p so if we take arange from O to 4p this should give us a good look
at the function. 4=85 ¥=1800i0

We see that the maximum and minimum values are about 1.4.
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We will find the places where ;ﬂ is zero and then test for maxima and minima.
X

d . L . . .
So d—y:COSX— sinX andthisiszerowhen cosx- sSinx=0, i.e.when cosx=sinx
X

. sinx . sinx
Now thisissolvedwhen —— =1, andsince —— =tanx wehave tanx=1

COSX COSX
Remember from your list of values of sin, cos and tan at angles of B, B, ..., that tanB =1,
6 4
SO X = p/4 isone place where ;ﬂ =0 . Thisisnot the only place, for we aso know that
X
tan% =1, so x=5p/4 isasecond place.
d
By considering the sign of d—y just before and just after we see that ;ﬂ changes from positive
X X
to negative so thereisaloca maximum at x = p/4 (=.78)
dy dy

Considering the sign of just before and just after x = 5p/4 (= 3.93 )we seethat PV
X

dx
changes from negative to positive so thereis alocal minimum at x = 5p/4.
(Or apply the second derivative test at these two points).
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At x=pl4, y= cos(p)+sm(|i) \/1_ NG \/_ =J2=14.

Similarly, at x=5p/4, y= cos(%) +sin(%) . L= i‘?- ﬁ = J2=-14
These results are consistent with the graph above.

These values repeat themselvesin intervals of length 2p thus the maximum and minimum
valuesof y=cosx+sinx are v/2and - +/2.

2. Weneed aformulafor the area of the playing field. So we divide the areainto parts whose areas
we can find. We have arectangle and two semicircular parts, so in fact we have a rectangle plus
acircle.

It isclear that the radii of the semicircular parts are half one side of the rectangle, so if we know
the sides of the rectangle we can find the areas of each piece. The requirement that the running
track has length 400 metres means that there is a relation between the radii of the semicircles and
the straight parts. This relation can be used to eliminate one of the variablesin the expression for
area and from that we can use calculus to find the greatest area.

Referring to the diagram
F
I
Area of the two semicircular pieces= pr?. Areaof therectangle=2rl .

Thusthetotal area A enclosed by the track isgiven by A= pr? + 2rl.
Similarly the length of the two semicircular arcsis 2pr and each side has 2|
Thus the total perimeter = 2pr + 2I.

Since the running track is to be 400 metres, we have 2pr + 2| = 400, rearranging gives
| =200 - pr.

Thus A= pr®+ 2r(200 - pr) = 400r - pr

Differentiating A with respectto r we have (;—A:4OO— 2pr. Thus
r

d#A‘:O when 400- 2pr =0, i.e. when r—200

dr p
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dA
As r increases through 200/p d_ changes from positive to negative so this stationary point for A is
r

aloca maximum. (You could apply the second derivative test here instead). Sinceit isthe only
stationary point it must be the absolute maximum.

The area enclosed is a maximum when the radius equals 200/p metres, i.e. approximately 63.7 metres

The strange thing here is that the length of the straight partsiszero. Thereisa simple explanation for
this. Ask your maths teacher why. We could have written down the answer from the start!

3. Wefind the derivative of C with respect to t and find where it is zero, then we test for the nature of
any of the stationary points.

dC _k(-be™- (-ae'™)) _-k(be™- ae'®)

dt b- a b-a
Thisis zero when the bracket (be ™ - ag'*) iszero. Sowehave be ™ =ae'®. Thus
e” _a
b
. In(a/b
o e e =8 g (a- bt =In(a/b), e t=na D
b (a- b)

Thisisthe only point where Z—?:O and frrm the expressionfor C, at t=0, C = Oandadso

C goesto zero as t goesto infinity. Because of the conditionson k, a, and b, thevalueof Cis

positive. Thus the place where Z—Ct: =0 isalocd maximum and so the greatest value of C isat

{ = In(a/b)
(@-b)
. distance . , .
4.  Weusetheformulathat time taken = ﬁ . Referring to the diagram on page 299, since
velocity

BP =x, from theright angled triangle ABP we deduce that
AP =AB’ + BP*thus A" =9+ X and AP=Q9+xX)

9+ x?

Since Jimmy rowsfrom A toP a 4 km/h., histimetakenfrom A to P is

X
Histime running from from P to C is sinceheruns 5-xkm at 8 km/h.

V9+x* 5-
Let T behistotal time then T = 94X +5_8X:%V9+ NG +§—§ (thesetimes are in
hours because his speed isin km/h. and the distances are kilometres)
, dar ar 1 1 vy 1 L
Caculating — weget — ==(2X)(=(9+x°) 79) - =. Thissimplifiesto
dx dx 4 2 8

ar__ x 1
dx 4(9+x*)"* 8
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dx 409+x°)"" 8

X 4 1 : . ¥ _1
——— =—=2=and sguaring both sides =—
(9+x3)2 g 2 CCoad 9+x* 4

Cross multiplyingwe have 4x? =9+x? s0 3x*=9, x*=3, s0 x=+/3.

The value of ((jj—T a x=0is-18anda x=5 itis%. The important thing is that ((jj—Tis
X X

zero at only one place, and that it changes from - veto +veat x = CB.
So T must beaminimum at thisvaue and itsvalueis

1 5 J3_1 5 V3_3 .5
“J12+2- X2 == a3+ X2 =23+ >=1.25 hours
4 8 8 4[J_ 8 8 8\/_ 8

The answer in the textbook is not quite complete. 1f we replace the velocity when herows by b

and apply calculus again, we'll get X = iz , but notethat if b 8 then the expression for
64- b
X contains the square root of a negative number. Thusthe formulafor x isonly vaidfor b< 8.

What happensif b 2 8 ? Think about the problem it means that immy can row faster than he
can run, extremely unlikely, unless the river was flowing very quickly. Inthat unlikely event he
should row al the way and the solution is x = 5.

40
Infact x=5 isthe solution for al valuesof b3 = 6.86 . Thisistrue because if
V34

40
b>E then the local minimum isbeyond x=5 and the time is a decreasing function of x for

thewholeinterval from 0 to 5. To verify this plot some graphsfor arange of values of b.

The diagram on page 450 in the text appears in part (a) of question 4 is the diagram for this

question. The hint then shows that the areais givenby A=2xy/4- x* . Itisimportant to note
that x must lie between 0 and 2.

Differentiating A with respect to x we have aproduct with u(x) =x and v(x) =+/4- x*.
The derivative of v(X) hasto found by the composite function rule.
dv_dvdz_ 1 1

Soweput z=X° then V=+/4- z then —=—-—=-= - —_2X. S0
P dx dzdx 24- z

dv_ X

dx  J4- X2

Now applying the product rulewehaved—A:— X X++4- X .

dx  4-x?

_ 2 _ 2 _ 2
Simplifying this expression, —A: X +(4- x) = 22- x)
dx Ja- ¥ Ja- %2

. Ontheinterval O£ X £ 2,

d—A:O at x:\/§.
dx
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Since A= 0at x=0and x=2andthereisonly one stationary point in the interval it is clear that
A must beamaximum at x = Cp.

We have to find the volume of a cone which fitsinto a sphere. We could use the radius of the
base of the cone, the height of the cone or the semivertical angle of the cone. The choice will
affect the manipulations, some will be considerably more complicated than others.

T

AC=r, AB=x, CB=y, TB=h.
a = the semivertical angle ATB, 2a = angle ACB.

With these notations using the geometry of thefigurewe have BC=r cos2a , AB=rsin2a, h
=r+y, h=r+rcos2a, ¥+y*=r’ y=+r’- x*.

Using theformula V :}przh, we have (i) with a asthevariable
3
\Y :%rzsinZa(HrcosZa)

(i) with h asthe variable V :%ph(rz- (h-r)%) (i) with x asvariable
\Y :%pxz(\/r2 - X +T1)

(iv) with y asthevariable V = %p (r? - y*)(r +y). Notethat we can have y negative here,
therangeof y is -r£yETr
While some simplification is possible with each of the expressions above we shall use the fourth

one. Then %:%p (1(r2— y2) +(r +y)(- 2y)):%p (rz— 2ry - 3y2).
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av
The bracket factorisesinto (r + y)(r - 3y) so W iszeroat y=r/3andV iszeroat

y=r and y=-r.

Since y = r/3 isthe only stationary point inside the interval it must give the greatest volume
there.

Substituting thisvalueinto V_we find that the maximum volume is
32r3
81

1 ., r? r
= - +-)=
3|0(r 9)(r 3) p

Referring to the diagram in the textbook we can use x or y asthe variable here.

The two expressions for the volume are, using volume = (height)(base area),

V =2y (r*- y*) and V =2yr?- x’px*, both x and y liebetween 0 and r.

Itis easy to differentiate the expression for V intermsof y with respectto y either by the

product rule or expanding out the expression first. In either case there is only one stationary point
and since V is zero at the ends of the range the point isalocal maximum. Thisisthereforeisthe

4pr°

global maximum also. Itistakenat y = r/G8 and so the maximum volume is 3\/5 .

Y ou can do the problem by expressing the dimensions of the cone using its semivertical angle,
but the problem comes out easily using either the height of the cylinder or the radius. As stated in
the hint one can use similar triangles to relate r the base radius of the cylinder and its height h.

There are three similar triangles. The large cross section of the cone, a smaler one with one side
of length h and athird with asider.

Applying the similarity relations for the large triangle and that having side h we have

_h _H
R-r R
Applying the similarity relations for the large triangle and that having side r we have
r _R
H-h H
Using the first of these we have Volume of the cylinder ,
H(R-r) H
V=prth=pr’*——~~=p—(Rr*- r®
p p = PRl )

Differentiating with respect to r we get ?j—vzpﬂR(ZRr— 3r2) . Thisiszeroat r=0andat r
r

= 2R/3.

That thisisthe point at which maximum volume is taken follows from the same arguments used
in questions 5, 6, and 7.

We find that the maximum volume equals ﬂ HR?.




